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Contact symmetries of general linear second-order ordinary
differential equations
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7500 AE Enschede, The Netherlands

Received 17 June 1983

Abstract. Using 1-1 mappings, the complete symmetry groups of contact transformations
of general linear second-order ordinary differential equations are determined from two
independent solutions of those equations, and applied to the harmonic oscillator with and
without damping.

The complete Lie algebra of infinitesimal symmetries of a general linear second-order
ordinary differential equation can be determined if we know two independent sol-
utions explicitly. By a transformation described by Arnold (1983), there is a 1-1
mapping which transforms a linear differential equation

Up+ai(t)u +a(t)u=0 (1)
into
Yxx =0, (2)

i.e. by rectifying the solutions of (1).
The Lie point and Lie contact symmetries of (2) are (Lie 1893)

dy, Xy, Ydy, Yx0yv, XYx8y, YYx0y, X(Y —XYx)3y, Y(Y - XYx)dy (3a)
and (Anderson and Ibragimov 1979)
(YG(Y - XYx, Yx)+H(Y - XYx, Yx))dy (35)

where in (356) G and H are arbitrary functions of their variables. By using the inverse
transformation, we transform the symmetries (3a), (34) in a 1-1 manner into sym-
metries of (1) (Kumei and Bluman 1982).

Throughout this paper we shall use the local jet bundle formalism (Pirani et a/
1979). All considerations are of local nature.

In two examples we consider the harmonic oscillator, clarifying the results of
Wulfman and Wybourne (1976) and Schwarz (1983).

We start our discussion at the differential equation (1)

Uy +ai(t)u +az(t)u =0,
defined on J2(t, u) = {(t, u, u,, us)}. Let (2), i.e.
Yxx =0,
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be the differential equation defined on J*(X, Y). Let u;(t), u5(t) be two independent
solutions of (1) such that

u1(0)=0, uz(O)?ﬁO
We now define the mapping ¢: {(¢, u)} - {(X, Y)} by (Arnold 1983)

X =ui(t)/ua(t), Y = u/us(t); 4)
since

dX _u)(Oua(t) —us(tus ()

dr uz(t)? =0

#0,

¢ is an invertible mapping and
¢ (X, Y} {(6 w))
is defined by
F=[ur/ua] ' (X), i = Yuy(?). (5)
The prolongation mapping of ¢, leaving the contact ideal invariant (Pirani et al/ 1979),
plé {t u,u}=>{(X, Y, Yx)},
is defined by

= _ ui) S u 5 _ua(Ou—ua(thu dxy™
= ey Y=o Yx w0 [dt - ®

A somewhat tedious calculation shows that p®¢ :J%(r, u) > J*(X, Y) is defined by (6)
and

Yxex = u2(6)(us (0)ua(t) —u(0)uh (0)) "ty + ay(Ou, + asx(t)u), (7

from which it is clear (Kumei and Bluman 1982) that ¢ transforms solutions of (1)
into solutions of (2) in a 1-1 manner.

We shall now derive the general formula for the transformation of vector fields.
We shall only consider vertical vector fields, i.e.

V=FX,Y, Yx)oy +... (8)
where the dots denote the prolongation terms, since every vector field

VI=K(X,Y, Yx)ox +H(X, Y, Yx)dy
is equivalent to (cf Kumei and Bluman 1982)

Vi=(HX, Y, Yx)-YxK(X, Y, Yx))ay +...;

and since the prolonged field can be obtained from F(X, Y, Yx) by applying the total
derivative operator Dx, we suppress the prolongation in the sequel. The mapping
(@ Ve: T{X, Y)}> T, u)} is defined by

(B VIt u) = V£, @) =F X, ¥, Yx)uz(t) of (t, u)/ou, 9)
from which we obtain the general formula
(@ F(X, Y, Yx)ay}=F(X, ¥, Yx)ua(t)s.. (10)

So, by (10) infinitesimal symmetries of (2) are transformed by (10) into symmetries
of (1) in a 1-1 manner.
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Example 1. The harmonic oscillator is described by

Uy +u=0. (11)
Two independent solutions of (11) are

uq(t) =sin(t), us(t) = cos(r). (12)
The mapping p'¢ :J'(t, u) »J (X, Y) is defined by

X =tant, Y =u/cost, Yx =u, cost+usint, (13)
while ¢ ' :{(X, Y)} > {(s, u)} is given by

f=tan"' X, a=Y(1+X)V2 (14)

Application of (10) to the Lie point and Lie contact symmetries of (2), i.e. (3a) and
(3b), yields table 1:

Table 1.
Yxx =0 U, +u=0
dy cos td,
Xdy sintd,
Yay uau
Yxdy (u, cos® t+%u sin 2t)d,,
XYxoy (%u, sin 2t + u sin® )3,
YYxdy (uu, cos t+u’sin t)d,
X(Y-XYx)oy (—u, sin? t+%u sin 21)d,
Y(Y -XYx)iy {(—uu, sin t+u® cos 1)d,
(YG+H)sy (uG(v, w)+cos tH (v, w))d,
where in tablel
U =ucost—u,sint, w =y sint+u, cost. (15)
Using the relations
v2+w2=u2+u,2, t=tan"" (u/u,)—tan™? (v/w),

it is a straightforward calculation to show that

uG (v, w)+cos tH (v, w)=ué(v, w)+u,H (v, w) (16)
where (;'(v, w), ﬁ(v, w) are given by
G(v, w)=G(v, w)+[v/ (> +w?)]H (v, w), H(v,w)=[w/(0*+w)]H (v, w),

where (16) is just the general form of Lie contact symmetries obtained by Schwarz
(1983).
Example 2. The harmonic oscillator with damping is given by

Up+2au, +u=0 (a >0). 17)
We have to distinguish three cases: (1) a>1,(2)a=1,(3)0<a <1.
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1) (@>1).
Two independent solutions of (17) are

ui(t) =e™' —e® us(ty=e", (18)
where

a=—-a+(@* -1 a,=-a-(@> -1
Now, by (4) p'¢ :J(t,u) > J'(X, Y) is defined by
X =gl Y =ue™*, Yx =(ai—a2) " (u,— azu)e™™", (19)
and ¢ 7 {(X, Y)}>{(t, u)} by

f=(a;—a)) " log(1+X), g=Y(1+X)%/ %%,

The complete Lie algebra of Lie point and Lie contact symmetries of (17) with a > 1
is computed from (3a, b), (10), (19) and is given in table 2.1:

Table 2.1. a>1.

Yxx =0 Up+2au,+u=0
dy exp(a;1)a,
Xay [exp(ayt) —explazt)]a,
Yoy ud,
Yxoy (a1—a3) " (u,— ayu) expl(az - a;)t1o,
XYxdy (a;-a3) " (u, — au){1 —expl(as - a))t]e,
YYxdy (a1—az) " (uu, — azu®) exp(—a,1)a,
X(Y-XYx)iy viexp(a,t) - exp(a,t)]a,
Y(Y -XYx)oy vUd,
(YG+H)dy [uG (v, w)+explazt)H (v, w)]a,
where
v=(a;—ay) '[(a'u—u)e " —(au —u)e ™), w=(a1—a)”(u,—asu)e™ ™"
2) (@a=1).
The mapping p'¢ :J'(t, u)»J (X, Y) is defined by
X =1 Y =ue', Yx = (u +u,)e'. (20)

The Lie point and Lie contact symmetries of (17) with a =1 are given in table 2.2:

Table 2.2, a=1.

Yxx =0 Up+2u,+u=0

dy e 'a,

Xay te”'3,

Yay ud,

Yxdy (u +uo,

XYxay t(u +u,)8u
YYxdy ue'(u +u,)d,
X(Y-XYx)dy t(u—tu~tu)d,
Y{(Y -XYx)dy ue'(u—tu—tu,)d,

(YG+H)dy [uG (v, w)+e H (v, w)la,
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where
v=(u—tu—tu), w = (U +u)e. 1)
(3) (0<a<).
Two independent solutions of (17) are

a

uy(t)=e “sin b, u(t) =e~* cos bt.

The mapping p'¢ :J'(t, u)»J (X, Y) in this case is defined by
at

)?=tanbt)7=cue

e Yx =b""e*(cos bt)u, + b 'a e*(cos bt)u + e (sin bt)u,
08

(22)
where b =(1—a?"? and ¢ " :{(X, Y)}~>{(t, u)} by

f=b"'tan™' X, iZ=e “(cos bi)Y.

The Lie point and Lie contact symmetries of (17) with 0 <a <1 have been computed
by (3), (10), (22) and are given in table 2.3:

Table 2.3. 0<a<1, b=(1-a%)"2

Yxx =0 Up+2au+u=0

dy e *cos bta,

Xy e % sin btd,

Yay ua“

Yoy 57 Y(u, cos® bt + au cos® bt +1bu sin 2b1)5,

XYxdy b7, sin 2t +3au sin 2bt + bu sin® b1)a,
YYxdy b7 e (uu, cos bt + au? cos bt + bu’ sin b1)d,,
X(Y~-XYx)dy b~ (~u, sin® bt — au sin® bt + 3bu sin 25¢)d,,
Y(Y-XYx)dy b7t e® (—uu, sin bt — au? sin bt + bu’ cos bt)d,
(YG+H)dy [uG(v, w)+e™* cos btH (v, w)]a,,

where
v=>5""e"(—u, sin bt —au sin bt + bu cos bt),
w =b"" e*(u, cos bt + au cos bt + bu sin bt).

For a =0, b =1, table 2.3 reduces to table 1.

In conclusion, using 1-1 mappings, which transform differential equations into
Yxx =0, we are able to construct the complete Lie algebra of Lie contact symmetries
for linear second-order difterential equations.
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